
GENERAL RELATIONS BETWEEN BERNOULLI,
EULER, AND ALLIED POLYNOMIALS*

BY

E. T. BELL

1. Introduction. The derivation of a complete set of general relations

(§§5-9, 10) between the polynomials of Bernoulli, Euler, Genocchi, and

Lucas, is reduced by the symbolic method (§§3, 4) to elementary algebraical

operations (addition, multiplication, resolution into partial fractions) on four

rational functions of the form N(t)/D(t), where N, D are polynomials of de-

gree g 2 in /. In §9 it is shown that the relations imply a complete set of rela-

tions between the Bernoulli and allied numbers. The second of the transfor-

mations in §10, by specifying h, gives relations between the polynomials (or

associated numbers) when their ranks are in arithmetical progression with

any positive common difference.

2. Notation. The even-suffix notation is used for the numbers 73, E, G, R

of Bernoulli, Euler, Genocchi, and Lucas:

1 111
B0 = 1,  73!=-, 732s+1 = 0(5 > 0), B2 = —, 7i4 = - — >736 = —,.••;

2 o 30 42

E0'= 1, Eu+i - 0(s £ 0), £, = - 1, £4 = 5, E, = -61,

G0:= 0, Gi = 1, G2s+i = 0(s > 0),  G2 = - 1, Cr« - 1, G6 =

1 17
R0 = — >   7?2s+i = 0(s = 0),   R2 =-,    7c4 = —>     Rs =

2 6 30

G, = 2(1 - 2')B„   Rs = (1 - 2*-1)7i8 (s > 0);

the £, G are integers. Let x denote a complex variable. The above numbers

have the following symbolic generators, in which the expansions of the ex-

ponentials converge absolutely for some \ x\ 9±0:

x 2ex 2x xex
_ = gBx _, — gEz _ :_    gGx _ _; gRx

ex - 1 '    e2x + 1 '    ex + 1 '    e2x - 1

Let u be a complex variable and a the umbra of the sequence an (n = 0, 1,

2, • • ■ )• The Appell polynomial of degree »in« with the base a is

n

(« 4- a)» = Z) nC.a.M"-'     (0C0 = 1);
s=0

- 3;

31
~42 ;

* Presented to the Society, September 13, 1935; received by the editors December 4, 1934.
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its generator is obtained by multiplying the generator      of a by exu, thus,

The Appell polynomials in u with the respective bases B, E, G, R are

(here) called the Bernoulli, Euler, Genocchi, and Lucas polynomials in u:

ßn(u) m (« + BY, Vn(u) = (u + £)", yn(«) = (« + G)n, Pn(u) =(« + R)».

These definitions of the polynomials, instead of any of the numerous slightly

different definitions in the literature, are chosen on account of the symmetry

and simplicity of all calculations with the polynomials consequent upon their

use. Other definitions can be readily translated into terms of these if neces-

sary.

From the generators of B, E, G, R we write down those of ß(u), miu), y(u),

p(u):
t = ex,      w = exu:

xw

t - 1

2wt

/24- 1

2xw

t+ 1

xwt

0-1

exßM = p(j) = p;

e"W = Q(t) = Q,

= e**<«J =s(t) = S,

= ex"<u) = T(t) = T.

The generators are absolutely convergent for |*|, \u\ properly restricted

and 5^0.

Let f(h) denote either a polynomial in the complex variable h or, if ab-

solutely convergent for some hp^O, a power series in h. The results of sub-

stituting z for h in the successive derivativesf'(h), f"(h), ■ ■ ■ off(h) with re-

spect to h will be written /'(z), /"(z), ■ • • . This applies in particular if z

contains umbrae.

All of the foregoing notation will be used without further reference.

3. Order of relations; reductions. The umbrae a, a are said to be distinct

if and only if a„5=o-„ for some integer n^O. Let h, a, ■ ■ ■ , s be ordinaries

(complex numbers) and a, ■ ■ ■ , a umbrae. Symbolically, (ha)n means hnctn.

A linear expression of the form h+aa+ ■ ■ • +s<r is said to be of order p

(in the umbrae) if precisely p umbrae a, ■ ■ ■ , <r occur in it. The order of a

relation involving functions of the form f(h 4- aa 4- • • • +s<r) is by definition

the highest order of any expression occurring as an argument of / in the rela-

tion.
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To find relations of order p in ß(u), ??(«), y(w), p(u) we multiply together

precisely p of their generators (if p >4, at least one generator will occur to a

power > 1). The product of generators, considered as a function of t, isHhen

separated into partial fractions, from which it is easy to exhibit the product

as a linear homogeneous function of the generators in the product, with co-

efficients of the form H(x, w, i), where H is a rational function. From the re-

sult we can write down a relation involving a finite number of functions / and

their derivatives /', /", ■ ■ • in which the argument of one function is of

order p and the arguments of the rest are of order 1. One example of the

simple process of reduction by which the results stated later were obtained

will suffice.

To reduce PQ to a linear homogeneous function of P, Q we have

2xwH

it- W*+i)
l        t - l

(<-l)(<»+l)    2(7-1) 2(*24-l)

xw      (t — l)xw 2wt
PQ = w

t - 1 2t t2+l

(t — l)xw
= wP --Q;

2t

2tPQ = 2wtP - xw(t - 1)Q.

4. Derivation of general relations. Let h, x, a, d, ■ ■ ■ , s, a', d', ■ ■ ■ , s'

be ordinaries, a, 6, ■ • • , <r umbrae (an=an for n = 0, 1, • • • , am=am = 0 for

m <0, and similarly for 5, • • • , o-), and     integers S:0. Let

a'exa = d'x^ + • • ■ + s'x'e™

be an identity in x. Multiply throughout by e1*, and equate coefficients of

xn. Then, with Dhp=dp/dhp, we have, for w=0, 1, 2, • • • ,

a'{h + a)n = D&'ih + 8)n 4-4- Dh's'{h +

and hence, if f(x) =12»=oc"xn>

a'f(h + a) = <*'/<«(* + «) H-+ s'f^{h + a),

where     denotes the ^th derivative (as in §2). Obviously the final relation

can be written down at once from the given identity.

For example, the identity at the end of §3 is

2g*gz(0(to+ii(u)) = 2exuexeßM — xexu(ex — l)e'(u);
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that is,

hence

2/(A 4- /3(«) + v(u) + 1) = 2/(A + j8(«) + u + 1)

- /'(A + ,(«) + u + 1) + /'(A + ,(«) + u).

We consider first relations in which no umbra occurs twice in the argu-

ment of any function in the relation.

5. Relations of order 1. From the generators of ß, i\, y, p in §2 we have

(t - l)P = xw, (t2 + 1)0 = 2wt,

(t + 1)5 = 2xw,        (t2 - \)T = xwt.

Hence (as in §3) we write down the general relations

(1) f(h + ß(u) 4- 1) -/(* + P») = /(* + «);

(2) f(h + v(u) + 2)+ f(h + ,(«)) =2/(H«+l);

(3) f(h + y(u) + 1) + /(* + 7(«)) = 2f(h + u)i

(4) /(A + p(«) + 2) - /(A + p(«)) = /'(A + U + 1).

Again, directly from the generators,

4T(x) = 2P(x) + S(x),     2wT(x) = tP(2x),     2xwQ(x) = tS{2x);

(5) 4/(A + p(«)) = 2/(A + ß(u)) + f(h + y(«»;

(6) 2/(A + P(«) + «) =/(A+2/8(«)4-l);

(7) 2/'(A+ ,(«) +«) =/(A4-2y(«) + 1).

The six possible pairs chosen from ß, rj, y, p give relations of the first order

from

x(t2 +1) / + 1 t+1
P(x) = —--Q(x) =-S(x) = -T(x);

2t{t - 1) 2{t-\) t

(8) 2/(A + ß(u) + 2) - 2/(A + ß(u) + 1) = /'(A + ,(«) + 2) +/'(A + ,(«));

(9) 2/(A + ß{u) + 1) - 2/(A + /S(«)) = /(A 4- y(u) + 1) 4- /(A + *(*))•

(10) /(A + ß(u) + 1) = /(A + P(«) 4-1)4- /(A 4- p(«));

(11) /'(A + ,(«) + 2) + /'(A + ,(«)) = /(A + y(«) 4- 2) + /(A + y(«) 4- D;

(12) /'(A + ,(«) 4-2)4- /'(A 4- „(«)) = 2/(A 4- P(«) 4- 2) - 2(/ 4- p(«));

(13) /(A 4- y(«) 4- 1) = 2/(A 4- p(«) 4- 1) - 2/(A + p(«)).

These also follow easily from (l)-(4).
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6. Relations of order 2. These are given by the reductions of PQ, PS,

PT, QS, QT, ST. We have

2tPQ = 2wtP - xw(t - 1)0;

2PS = 2xwP - xwS,

IPS = 2xwT;

2t(t - 1)PT = xwtP + xw[t - 1)T;

tQS = xw(t + 1)Q - wtS;

2tQT = xwQ 4- 2wT,

Q(x)T(x) = 2X2*);

2t(t + 1)ST = xwtS + 2xw(t + V)T.

To these correspond respectively

(14) 2f(h + ß(u) + V(u) + 1)=/(H« + ß(u) + 1)

- /'(A 4- u 4- ,(«) 4- 1) + /(A + « + *(«));

(15) 2/(A + ß(u) + y(«)) = 2/'(A + « + £(«)) - /'(A + « + y(«)),

(16) /(A 4- /3(«) 4- y(«) + 1) = 2/'(« + p{u));

(17) 2/(A + /3(W) 4- p(«) + 2) - 2/(A 4- ß(u) + p(u) 4- 1)

= /'(A + p» 4- u 4- 1) 4-/'(A 4- p(«) 4- « 4- 1) -/(A 4- «4- P(M));

(18) /(A + „(«) 4- y(«) 4- 1) = /'(A 4-      + « + t)

+ f(h + r,(u) 4- «) - /(A 4- 7(«) + u 4- 1);

(19) 2/(A 4- ,(«) 4- p(«) 4- 1) = /'(A 4- ,(«) + «) 4- 2/(A + p(u) + u),

(20) /(A + „(«) 4- p(«)) = /(A 4- 2p(«));

(21) 2/(A + 7(«) 4- p(«) + 2) 4- 2/(A 4- y(«) 4- P(«) 4- 1)

= /'(A 4- y(«) + « + 1) + 2/'(A + P(«) + «+l)

+ 2/'(A + p(«) + u).

7. Relations of orders 3, 4. The reductions of QST, PST, PQT, PQS pro-

vide several alternatives; we choose the simplest.

2t(t 4- l)QST = - x2w2(t 4- 1)2Ö 4- *w2/5 + 2;ew2/(/ + \)T;

(f - \)PST = 2x2TO2r;

4/(/ - I)PQT = 2xwHP - x2w2(t2 - 1)0 4- 2xw2t{t - l)T;

2PQS = 2xw2P - 2x2w2Q + xw2S.

The simplest relation of order 4 is
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2t(t2 - l)PQST = 2x2w\t2 + 1)T - x3wH(t2 - l)Q.

(22) 2f(h + V(u) + y(u) + p(u) + 2) + 2/(A + V(u) + y(u) + p(u) + 1)

= - /"(* + v(») + 2u+2)- 2/"(A + v(u) + 2u + 1)

- f"(h + ri(u) + 2m) + f{h + y(u) + 2u + 1)

+ 2f'(h + p(u) + 2u + 2) + 2/'(A + p(u) + 2u + 1);

(23) /(A + ß(u) + y{u) + p(«) + 2) - /(A + ß(u) + y(u) 4- p(m))

= 2/"(A + p{u) + 2u);

(24) 4/(A + ß(u) + v(u) + P(u) + 2) - 4/(A + ß(u) + ,(«) + p(«) + 1)

= 2/'(A + ß(u) + 2u 4- 1) - /"(A + 77(m) 4- 2u 4- 2)

4- /"(A 4- v(u) 4- 2m) 4- 2/'(A 4- p{u) 4- 2m 4- 2)

- 2/'(A + p(m) 4- 2m 4- 1);

(25) /(A 4- 0(«) + i»(«) + 7(«)) = 2/'(A 4- p» 4- 2m) - 2/"(A 4- v(u) + 2m)

+ /'(A4-7(m)4-2m);

(26) 2/(A 4- ß(u) + r,(u) + y(u) + p(m) 4- 3)

- 2/(A 4- ß(u) 4- v(u) 4- 7(m) 4- p(m) 4- 1)

= 2/"(A 4- p(m) 4- 3u 4- 2) 4- 2/"(A 4- p(m) 4- 3m)

- /'"(A + ^(m) 4- 3m 4- 3) 4- /'"(A 4- ,(«) 4- 3m 4- 1).

8. Relations with repeated umbrae. In an expression involving a+a

4- • • ■ +a, where the umbra a is repeated precisely n times, the a's are re-

placed by a', a", ■ ■ ■ respectively until after all exponents have been low-

ered to suffixes, when all accents are dropped, thus a'* = a"*= ■ ■ ■ =«,; the

expression a+ct+ ■ ■ • +a (n a's) will be written a(n>. As before, /(n) de-

notes the wth derivative of / (as in §2).

We have xnW = (t — l)"Pn; hence

(27) /("'(A 4- nu) = X (- 1)'„C./(A 4- /}<«>(«) +*-*).
«-o

Similarly

n

(28) 2"/(A 4- nu 4- n) = X »C/(A + ij(">(«) + 2n - 2s);
s-0

(29) 2»/Cn)(A 4- m*) = X «C./(A 4- 7<»>(«) +* ~ s)\
0=0

n

(30) /(»>(* 4- «m 4- m) = X (- l)8nC,/(A + p<")(m) 4- 2» - 2s).



1935] BERNOULLI, EULER, AND ALLIED POLYNOMIALS 499

For » = 1, these become (l)-(4). The generators of ß<-n)(u), ^(u), 7Cn)(«),

p(n)(«) being pn, Qn, Sn, T" respectively, we could proceed as before to find

relations of given orders for the ß(n)(w), • • • (» = 1, 2, • • • ).

9. Relations for b, E, G, R. From the generators in §2 it is clear that

p, Q, S, T become the generators of b, E, G, R respectively when w = \.

Hence in (l)-(30) we may replace u by 0 and ß{u), vM, p{u) by b, E,

G, R respectively.

10. Transformations. Considering p = p(x, u) as a function of two varia-

bles x, u, and similarly for Q, S, T, we easily find that all the rational trans-

formations of x, u which leave p, Q, S, T invariant to within constant factors

are the following:

p{x, u) - p{— x, 1 — u), Q(x, u) = Q(— x, — u),

S(x, u) = — S(— x, 1 — u), T(x, u) -   T(— x, — u).

Hence
gxß(u)_g— a;/)(l—u) gxij(u) — g— xrj(—«)

gxy(u) _ g-xy(l-u)^ gxp(u) = g— xp(—u) _

Multiplying each of these on both sides by ex<-h+ru+s), where h, r, s are ordina-

ries, and equating coefficients of xn(n = 0, 1, ■ • • ) in the results, we get

(h + ß(u) 4- ru -f- s)n = (h - ß(l - u) + ru + s)n,

(h 4- i?(w) 4- ru + s)n = (h —        u) + ru + s)n,

{h 4- y(u) 4- ru + s)n = — (h — y(l — u) + ru + s)n,

{h 4- pO) 4- ru 4- s)n = (h — p(— u) + ru 4- s)n;

whence, / being as before, we have

(31) f(k + ß(u) + ru + s) = f(h - ß(l - u) 4- ru + s);

(32) f(h + v(u) 4- ru + s) = f(h + v(- u) + ru + s);

(33) f(h + y(u) + ru + s) = -f(h- y(l - «) 4- ru 4- s);

(34) f(h 4- p(u) 4- ru + s) = /(A - p(- «) 4- rw 4- j),

and similarly for /', /",••-. The arguments in (1)—(26) are of the form

h+a(u)+ru+s (a==ß, rj, y, p), for r, s properly chosen. Thus (31)-(34) en-

able us to write down from each of (1)—(26) at least one more general relation.

The like, with obvious modifications, applies to (27)-(30).

Another type of transformation produces relations from which follow (as

special cases) relations between functions ß„(u), ■ ■ ■ whose ranks n are in

arithmetical progression. Let m be a positive integer, and let/,/(m) be as be-

fore. Write
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/(/«•+•>(£)
(s = 0, 1, • • • , m - 1),

+ 5)!

F'm,a(z) = the result of substituting z for £ in DkFm,s{k), etc. Then, in any of

the relations (l)-(26) we may replace f(k) by Fm,g(k),f'(k) by F'n..(k),f"(k)

by F'Jl,,(k), etc., where, as above, k = h+a(u) +ru+s, or the corresponding

argument on the right of (31)-(34).

To see this, replace h by h+p in the argument oif(h+a(u) +ru+s), where

fj. is a primitive wth root of unity, and expand (as a function of h) by Mac-

Laurin's theorem,

Proceed similarly with each/,/', • • • in a given relation. Since 1, ß, p2, • ■ ■ ,

jum_1 are linearly independent, the result follows.

Added, March 27, 1935. In a recent abstract* D. H. Lehmer reports re-

currences for Bernoulli numbers with gaps. These, apparently, are of a differ-

ent type from those given by the above for special values of m.

* Bulletin of the American Mathematical Society, vol. 40 (1934), p. 51.

m— 1

k = h + a{u) + ru 4- s.
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